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The global geometry of the universe is in principle as observable an attribute as local curvature. Previous studies have established 
that if the universe is wrapped into a flat hypertorus, the simplest compact space, then the fundamental domain must be at 
least 0.4 times the diameter of the observable universe. Despite a standard lore that the other five compact, orientable flat 
spaces are more weakly constrained, we find the same bound holds for all. Our analysis provides the first limits on compact 
cosmologies built from the identifications of hexagonal prisms. 
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Our universe appears to stretch at least ten billion light 
years across. As far as the eye can see, there is no visible 
bound to spacetime. Still the universe may not be infi- 
nite. It may be more natural for space to be topologically 
compact and multiconnected. There was once a cultural 
prejudice that the Earth was flat and unconnected, so 
much so that explorers were feared to have fallen off the 
edge. The assumption that space must be infinite may 
represent a similar bias. Just as most have realized that 
our planet is compact, we may someday learn that the 
entire universe is likewise compact and connected. 

Interest in compact universes has spawned 

several approaches to the search for global topology. In 
this letter we analyze temperature fluctuations in the cos- 
mic background radiation (CBR) for all six compact, ori- 
entable flat topologies. The simplest compact flat space, 
the hypertorus, was studied in Ref . . Long- wavelength 
fluctuations could not fit inside a small torus. The re- 
sultant cutoff in the spectrum of fluctuations was used 
to bound the topology scale. We show that all six ori- 
entable, compact, flat spaces are cutoff at the same wave- 
length as the hypertorus. Since the observed quadrupolc 
is in fact low, this alone does not lead to a particularly 
severe bound. Minimizing the variance of the angular 
power spectrum with respect to the COBE data, we 
maintain the conservative conclusion that if the universe 
is finite and flat, it is bigger than 40% of the diame- 
ter of the surface of last scatter. The physical universe 
is then > 2400(ff o /100km/s/Mpc) _1 Mpc across. Note 
that there could still be as many as eight copies of our 
cosmos within the observable horizon. 

Tiny ripples in the gravitational potential $ induce 
temperature fluctuations in the CBR via the Sachs- Wolfe 
effect 
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where Ary is the conformal time between today and the 
time of decoupling. The potential can be decomposed 

into eigenmodes $ = d 3 fc$g exp (iArjk ■ nj . The $g 

are primordially seeded Gaussian amplitudes that obey 
the reality condition = $* -.. On a compact manifold, 



FIG. 1. Tiling flat space with parallelepipeds. 



the continuous spectrum of eigenvalues, k, becomes dis- 
cretized. In general we write the temperature fluctuation 
in any compact, flat spacetime as 
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up to a normalization. As a result of the global topology, 
all of these spaces are anisotropic and all except for the 
hypertorus are inhomogeneous. 

Three dimensional Euclidean space can be made topo- 
logically compact by beginning with either a paral- 
lelepiped or a hexagonal prism as the finite fundamental 
domain. Six different orientable, compact spaces can be 
constructed by gluing opposite faces of the fundamen- 
tal polyhedron. Another way to represent the identifi- 
cations is to tile space with copies of the fundamental 
domain as shown in Figs. @ and |. There are four com- 
pact, orientable spaces that can be constructed from the 
parallelepiped tiling and two from the hexagonal tiling. 
The hypertorus is the simplest and is built out of a par- 
allelepiped by identifying x — > x + h, y — ► y + b and 
z — > z + c. The identification leads to a restriction of the 
eigenvalue spectrum, 
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with the j, w, n running over all integers. It is clear that 
there is a minimum eigenvalue and hence a maximum 
wavelength which can fit inside the fundamental domain 
defined by the parallelepiped H: 
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Amax = max (h, b, c) 



The incompatibility between this truncated angular 
power spectrum and a standard flat spectrum means the 
width of a square hypertorus had to be 0.8 the radius of 
the surface of last scatter or 0.4 of the diameter. 

Three other spacetimes involve the identification of op- 
posite sides of the parallelepiped with one or more of the 
faces twisted before being affixed to its counterpart. It 
was argued that with these twists, longer wavelengths 
could fit in the fundamental domain since a wave needs 
to wrap more than once before coming back to a fully 
periodic identification. However, we find upon closer in- 
spection that these long modes are forbidden and all the 
compact topologies have the same cutoff as the hyper- 
torus. 

The first twisted parallelepiped we consider has oppo- 
site faces identified with one pair rotated through the 
angle n. The periodicity condition requires <E>(x,?/, z) = 
<&(— x, — y, z + c) = <&(x, y, z + 2c). A translation through 
Az = 2c enforces 
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= $(x, y, z + 2c) . 

Matching coefficients, it follows that e lkz2c = 1. With 
the remaining two faces identified without any twists the 
eigenmodes are 
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At first glance it appears as though a long mode of wave- 
length 2c fits inside the twisted space, but this eigenmode 
is disallowed. A translation only once through to Az — c 
requires $(x, y, z) = $(— x, —y, z + c) so that 
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Matching coefficients gives 
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and consequently, the spectrum is not only discrete, but 
there is also a condition on the coefficients of the eigen- 
modes. As a result, the cutoff is not t wice as long in 
the z— direction. If j = w = 0, then (1.4) requires n 
to be even and so the lowest mode in the z-direction is 
still k z = 2-k/c. If all scales are set equal j = 0, and 




FIG. 2. ST/T t in y,K for the hypertorus and the 
7r/2-twisted space. The shaded band allows for cosmic vari- 
ance. The topology scale is equal to the diameter of the sphere 
of last scatter with h — 2An. 

w = 1, then the n = 1 mode is allowed but its wavenum- 
ber k — ^/bn/c which is bigger than fc m i„ = 27r/c. 

Another possible compact space identifies opposite 
faces with one face rotated by ir/2. After four passes 
through z one is returned to (x, y, z) = (x, y, z + 4c) while 
as before the other faces are identified without twists. 
The discrete eigenmodes are 
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The width of the fundamental domain along y must equal 
that along x. The translations along z through c, 2c, and 
3c result in the following restrictions: 
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Again, when j = w = 0, then n = Am and the low- 
est eigenmode has k z = 2tt/c for an equal sided par- 
allelepiped. Notice also that $oi« = ^io« = 0. The 
j = w = n = 1 mode is allowed and, setting all topology 
scales equal, k = 3ir/c which is a smaller wavelength. 
Statistics that average over the sky, such as the angular 
power spectrum, will locate a cutoff at roughly the same 
mode as for the torus. 

The last parallelepiped is a bit more intricate to build. 
The identifications are as follows 0: Translate along x 
and then rotate around x by n so that (x, y, z) — > (x + 
h,—y,—z). Next, translate along y and z, then rotate 
around y by ir so that (x, y, z) — » (—a;, y + b, — (z + c)). 
Finally, translate along x, y and z, then rotate around z 
by 7T so that (x, y,z) — > (— (x + h), — (y + b), z + c). The 
discrete spectrum is 

k x = -rj k y = ^-w k z = —n , 
h b c 

with the restricted coefficients 
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FIG. 3. Tiling flat space with hexagonal prisms. 

No permutations of (0, 0, 1) are allowed although (0, 1, 1) 
permutations are accessible, although with fixed phases 
with repect to the fundamental domain. 

Spectra for the hypertorus and the 7r/2-twisted par- 
allelepiped, both as big as the observable universe, are 
shown in Fig. 0. The power spectrum is defined as usual: 
^ = Em \ a £m\ 1) with the ai m defined by the de- 

composition of the temperature anisotropy into spherical 
harmonics, ST/T = ^2 im ai m Yi m . For convenience we 

plot the quantity ST/T e = [£(£ + 1)Q/2tt] 1/2 measured 
in [iK and compare the model values with the COBE 
data as analyzed by Gorski (diamonds) [pL by Tegmark 
(open circles) ||, and by Bond, Jaffe and Knox (filled 
circles) pi. While small universes can be ruled out, it 
is rather fascinating to note that these large cases are 
marginally consistent with the data. After all, the ob- 
served quadrupole is low. It is also not possible to tell if 
the observed power spectrum is a smooth function or a 
sparcely sampled jagged function. 

The hexagonal tiling of flat space gives two new topolo- 
gies. (It is curious to note that flat space can also be tiled 
with fractal hexagons 0.) Three pairs of opposite sides 
of the hexagon are identified while in the z direction, the 
faces are rotated relative to each other by 27r/3. The 
potential can be written as 
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and 
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The last possibility for 3D Euclidean spaces identifies 
the z-faces after rotation by 7r/3. The potential can still 
be written as ([0]) with 



k y = T w 



1 n 

3c 



(1.10) 
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FIG. 4. ST/T e in /j,K for the 2 spaces build from a hexago- 
nal prism fundamental domain. The topology scale is compa- 
rable the diameter of the sphere of last scatter with h — 2Arj. 
The shaded area accounts for cosmic variance. 
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For both of the hexagons the first 712 = n% — mode 
has fc m in = 27rn z /c, as always. Spectra for the hexagonal 
prisms the size of the observable universe are shown in 
Fig. [I| Again, they are all consistent with the data. 

In Fig. |^, sample small universe spectra are shown. 
As a result of the low observed quadrupole, the predicted 
cutoff alone is not enough to discourage compact mod- 
els. We can however ask how likely the spectra shown 
are relative to the spectrum of a flat, infinite cosmol- 
ogy. Since compact topologies do not give isotropic Gaus- 
sian temperature fluctuations, we need to be cautious in 
making quantitative conclusions based on any likelihood 
method. For this reason, we have maintained the con- 
servative bound of h > O.8A77 which is safely ruled out 
based on the likelihood analysis of Rcf. |L0]]. The pre- 
dicted spectrum is normalized to COBE by minimizing a 
variance in the natural logarithm of ST/Tg and the like- 
lihood of the spectrum is assessed given the data. Com- 
pact spaces with a topology scale of 0.8 the radius of the 
last scattering surface, 0.4 the diameter, are at best tens 
of times less likely than an infinite universe. 

While the angular power spectrum is sufficient to con- 
strain symmetric, flat topology it is in general a poor 
discriminant. The average over the sky fails to recog- 
nize the strong inhomogeneity and anisotropy manifest 
in these cosmologies. Fig. M shows a simulated CBR 
map of a 7r-twisted compact cosmos. The topology scales 
relative to the radius of the last scattering surface are 
h = 2,b = 1, c = 0.5. In the upper panel, the ob- 
server is at the origin. In the bottom map, we have offset 
the observer from the origin. While the 8T/T e can be 
used to bound equal sided small universes, the charac- 
terization falters for this anisotropic example. The map 
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small universes 
h — O.8A77. The leftmost figure is for a regular hypertorus 
twist and the rightmost is for the hexagon with a 120° twist. 
Cosmic variance is included in the shaded strip. 



on the other hand shows the markings of the geometry, 
and a better statistic for extracting correlations is sorely 
needed. The symmetry studies of Ref. |L2| that place 
lower bounds on anisotropic hypertori hint at the power 
of such a pattern-oriented approach. We are currently 
developing more powerful and general methods to iden- 
tify patterns hidden in the data |13|. 

Our prejudice that the universe is infinite may be no 
more justified than the old prejudice that the Earth is 
flat. The exploration of the universe for signs of topol- 
ogy is really just beginning. While very small flat spaces 
appear less likely, there are an infinite number of com- 
pact, negatively curved possibilities which remain uncon- 
strained. The search for patterns in sky maps may be of 
particular importance in identifying these |13j| . As our 
vision improves with the aid of future satellite missions, 
we may soon be able to see, literally see, the global ge- 
ometry of our universe. 
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FIG. 6. Top: a simulated map of the microwave sky for a 
7r twisted space with topology scales h = 2, b = 1, c = 0.5. 
Middle: same space with the observer offset from the origin 
of the universe. Bottom: 5T/T e for the lower map. 
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